In this paper we consider a number of properties of posets that are not directed complete: in particular, meet continuous posets, locally meet continuous posets and PI-meet continuous posets are introduced. Characterizations of (locally) meet continuous posets are presented. The main results are: (1) A poset is meet continuous iff its lattice of Scott closed subsets is a complete Heyting algebra; (2) A poset is a meet continuous poset with a lower hereditary Scott topology iff its upper topology is contained in its local Scott topology and the lattice of all local Scott closed sets is a complete Heyting algebra; and (3) A poset with a lower hereditary Scott topology is meet continuous iff it is locally meet continuous, iff it is PImeet continuous.
Introduction
A meet continuous lattice is a complete lattice in which binary meets distribute over directed suprema (see [2] ). This algebraic notion has a purely topological characterization that can be generalized to the setting of directed complete partial orders (dcpos) in [2, 3] : A dcpo P is meet continuous if for any x ∈ P and any directed subset D with x ≤ sup D, one has x ∈ cl σ (↓ D∩ ↓ x), where cl σ (↓ D∩ ↓ x) is the Scott closure of the set ↓ D∩ ↓ x. Our goal is to further generalize the concept of meet continuity to the setting of posets that are not directed complete; these posets recently have received increasing attention (see [5] [6] [7] [8] [9] [10] [11] [12] [13] ). The concept of a meet continuous dcpo can be extended to the setting of posets using slight modifications of the definition where it relies on the Scott topology. Using a newly-defined intrinsic topology -the local Scott topology, the concept of locally meet continuous posets is also introduced. We show that the local Scott topology has its own distinguishing properties for general posets. Characterizations and properties of (locally) meet continuous posets are obtained in terms of the lattice properties of the Scott topology and of the local Scott topology. Posets for which the Scott topology coincides with the local Scott topology are meet continuous iff they are locally meet continuous, iff they are PI-meet continuous, while the three kinds of meet continuities do not imply each other generally. Comprehensive comparisons of the three kinds of meet continuities are given and some subtle (counter) examples are presented in the last section. The results obtained in this paper reveal some subtle properties of posets that show that topology plays an important role in their study.
Preliminaries
The following are some basic notions of domain theory which can be found in [1, 2, 4] .
In a poset P, a principal ideal (principal filter) is a set of the form ↓x = {y ∈ P : y ≤ x} (↑ x = {y ∈ P : x ≤ y}). A closed interval is a set of the form ↑ x ∩ ↓y for x ≤ y. Note that closed intervals are always non-empty. A subset A of P is called We arrive at a characterization of MC-posets via the lattice of Scott closed subsets. (1) P is an MC-poset;
op is a complete Heyting algebra (cHa, in short).
Proof. (1) ⇒ (2):
It is clear that σ (P) op ∼ = σ * (P) (the lattice of all Scott closed sets of P). It suffices to show that the frame distributive law
Then for all U ∈ σ (P) with x ∈ U, by Corollary 3.5, we have x ∈ U ∩F and x ∈↑ (U ∩F ) ∈ σ (P). And then there is i 0 
This finishes the proof of the frame distributivity of σ * (P). So, σ * (P) is a complete Heyting algebra. 
Thus P is an MC-poset.
We now introduce a new construction of posets that gives rise to an MC-poset from two given MC-posets. Definition 3.9. Let P and Q be posets and m a maximal element of P. Then the vertical sum w.r.t. m of P and Q , denoted P ∨ m Q , is the set P ∪ Q with a partial order defined by
Since dcpos always have maximal elements, the vertical sum w.r.t. m for dcpos can always be constructed. 
Proof. Straightforward.
Proposition 3.11. Let P and Q be posets and m a maximal element of P. Then σ (P)
Theorem 3.12. Let P and Q be MC-posets and m a maximal element of P. Then P ∨ m Q is also an MC-poset.
Proof. Let x ∈ P ∨ m Q and let D be a directed set for which sup D exists and suppose x ≤ sup D in P ∨ m Q . We divide the proof into three cases.
By the meet continuity of P and Proposition 3.11,
To sum up, in all cases, x ∈ cl σ (P∨ m Q ) (↓ D∩ ↓ x) and P ∨ m Q is an MC-poset.
Posets with lower hereditary Scott topologies
It is known that in a dcpo for any Scott closed set, the relative Scott topology agrees with the Scott topology on that sub-dcpo (see, e.g. Exercise I-1.26 of [2] ). We consider related questions for general posets. Proof. Let D ⊆ P be a directed set. Since the interval topology on P is compact, there is an element x ∈ P which is a cluster point of D, regarded as a net. We show that x is an upper bound of D by contraposition. Suppose that there is 
Lemma 4.7. Let P be a poset with a lower hereditary Scott topology and A a non-empty Scott closed set. If x ∈ A and D ⊆ A, then we have cl
Proof. Straightforward. 
Proposition 4.8. Let P be an MC-poset with a lower hereditary Scott topology and A a non-empty Scott closed set of P. Then A in the inherited order is also an MC-poset. In particular, every principal ideal of P is an MC-poset.

Proof. Let D be a directed set in A with existing sup
A D ≥ x ∈ A. Then sup A D = sup D and x ∈ cl σ (↓ D∩ ↓ x) = cl σ (A) (↓ D∩ ↓ x) by
Corollary 4.10. A dcpo is a meet continuous dcpo if and only if every principal ideal is a meet continuous dcpo.
Proposition 4.11. Let P be a poset with a lower hereditary Scott topology. Then each closed interval is an MC-poset iff each principal filter is an MC-poset.
Proof. By Proposition 4.6(1), every principal filter of P is convex and has a lower hereditary Scott topology. Applying Theorem 4.9 to the principal filters of the poset P, we have that each principal filter is an MC-poset if and only if each closed interval is an MC-poset.
Proposition 4.12. Let P be a poset with a lower hereditary Scott topology. Then each closed interval is a meet continuous dcpo if and only if each principal filter is an MC-poset and each principal ideal is a dcpo.
Proof. ⇒: Suppose P is a poset in which each closed interval is a meet continuous dcpo. By Proposition 4.11, each principal filter is an MC-poset. We need to show that ∀x ∈ P, the principal ideal ↓x is a dcpo. Let D be a directed set in ↓x. a directed set, which must have a supremum b in [d, x] by the assumption. One sees readily that b is the supremum of D in ↓x.
⇐: Clear by Proposition 4.11.
The local Scott topology and LMC-posets
In the following, a local supremum of a subset A in a poset P means an element z ∈ P such that A ⊆ ↓z and sup z A = z. It is easy to verify that the family of the local Scott open subsets of P forms a topology, called the local Scott topology of P and denoted σ l (P).
Example 5.2. Let P be the poset defined in Example 4.2. If U ∈ σ l (P) is non-empty, then {a, b} ⊆ U. This shows that σ l (P) is not a T 0 -topology. Thus, σ l (P) = σ (P). Noticing that {b} is not σ l (P)-open, we have that ↓a is not σ l (P)-closed. 
Theorem 5.6. A poset P is an LMC-poset if and only if for all U ∈ σ l (P) and all x ∈ P, one has ↑ (U∩ ↓ x) ∈ σ l (P).
Proof. ⇒: Let x ∈ P and U ∈ σ l (P). Suppose z = sup z D ∈↑ (U∩ ↓ x) for some directed set D with a local supremum z. Then there is y ∈ U∩ ↓ x such that y ≤ z. By the locally meet continuity of P, we have
and P is an LMC-poset.
From Theorem 5.6, we immediately have the following corollary.
Corollary 5.7.
A poset P is an LMC-poset iff for any U ∈ σ l (P) and any lower subset A of P, one has
Definition 5.8. For a poset P, the common refinement σ l (P) ∨ ω(P) of the local Scott topology and the lower topology is called the local Lawson topology and denoted λ l (P).
Proposition 5.9. Let P be an LMC-poset. Then
Proof. (i) Let D be a directed set with a local supremum z = sup z D ∈↑ U. Then there is x ∈ U such that x ≤ z. Since U ∈ λ l (P), there are V ∈ σ l (P) and F ⊆ P finite such that x ∈ V \ ↑ F ⊆ U. By the locally meet continuity of P, we have
The equivalence of (ii) and (iii) is straightforward. We present some further examples to show the differences between the three notions of meet continuity in general.
Example 6.11. If the poset consisting of two parallel copies of N is augmented with two incomparable upper bounds, then the resulting poset P is meet continuous but not each principal ideal. And P is not locally meet continuous. This example shows that an MC-poset need not be a PIMC-poset or an LMC-poset. The following example shows that a PIMC-poset with each principal ideal being a dcpo need not be an MC-poset. Example 6.13. Let P = [({0, 2} × I) \ {(0, 1)}] ∪ {(1, 1), (0, 2)} be ordered by the inherited order of R × R. Then P has two maximal elements (0, 2) and (2, 1). It is easy to see that P is a PIMC-poset. But, P is not an MC-poset.
